Integral formulae for foliated Riemannian manifolds provide obstructions for existence of foliations or compact leaves of them with given geometric properties. This paper continues our recent study and presents new integral formulae and their applications for codimension-one foliated Randers spaces. The goal is a generalization of Reeb's formula (that the total mean curvature of the leaves is zero) and its companion (that twice total second mean curvature of the leaves equals to the total Ricci curvature in the normal direction). We also extend results by Brito, Langevin and Rosenberg (that total mean curvatures of arbitrary order for a codimension-one foliated Riemannian manifold of constant curvature don't depend on a foliation). All of that is done by a comparison of extrinsic and intrinsic curvatures of the two Riemannian structures which arise in a natural way from a given Randers structure.
Introduction
Two recent decades brought increasing interest in Finsler spaces (M, F ), especially, in extrinsic geometry of their hypersurfaces, see [6, 15, 16] . Randers metrics F = α + β, where α is the norm of a Riemannian structure and β a 1-form of α-norm smaller than 1 on M (introduced in [10] and appeared in a solution [2] of Zermelo's control problem) are of particular interest, see [5] . Extrinsic geometry of foliated Riemannian manifolds also became popular since some time (see [12] and the bibliography therein). Among other topics of interest, one can find so called integral formulae (i.e., integral relations for invariants of the shape operator of leaves, e.g. the mean curvatures σ k (1 ≤ k ≤ m), and Riemann curvature, see surveys in [12, 1] ). Such formulae provide obstructions for existence of foliations or compact leaves of them with given geometric properties. The first known integral formula (by G. Reeb, [11] ) for codimension-1 foliated closed manifolds tells us that the total mean curvature H = σ 1 of the leaves is zero (thus, either H ≡ 0 or H(x)H(y) < 0 for some points x, y ∈ M ). Its counterpart in the case of the second mean curvature is the (according to our knowledge, obtained for the first time in [9] ) formula
where N is a unit normal to the leaves. Such formulae were used in [7] to prove that codimensionone foliations of a closed Riemannian manifold of either negative Ricci curvature or constant nonzero curvature are far (in a sense defined there) from being totally umbilical, and in [4] to estimate the energy of a vector field. An infinite series of integral formulae was provided in [13] : they include the Reeb's formula and generalize Brito-Langevin-Rosenberg formulae [3] , which show that total mean curvatures (of arbitrary order k) for codimension-one foliations on a closed (m + 1)-dimensional manifold of constant sectional curvature K depend only on K, k, m and the volume of the manifold, not on a foliation. In [14] , we studied integral formulae for a codimension-one foliation F of a closed
Finsler space (M, F ); using a unit vector field ν orthogonal (in the Finsler sense) to the leaves we defined a new Riemannian structure g on M and derived its Riemann curvature and the shape operator of F in terms of F . Using our approach in [13] , we produced the integral formulae for (M, F ) and for Randers space (M, α + β) with β ♯ (i.e., the α-dual of β) tangent to the leaves. This paper presents new integral formulae for a codimension-one foliated Randers space. Section 1 surveys necessary facts and recent results. Section 2 contains our main results, which generalize the Reeb's formula and (1), and extend certain formulae in [3] ; in particular, we generalize some results of [14] . All integral formulae of this paper hold when the foliation and the 1-form, both are defined outside a finite union of closed submanifolds of codimension ≥ 2 under convergence of some integrals (as in Lemma 1 in what follows), leaving details to the readers. The singular case is important since there exist plenty of manifolds which admit no (smooth) codimension-one foliations, while all of them admit such foliations (and non-singular 1-forms β) outside some "set of singularities".
Preliminaries
We work with a closed manifold M equipped with a codimension-one foliation defined on M \Σ, where Σ is a (possibly empty) union of pairwise disjoint closed submanifolds Σ i of variable codimensions ≥ 2. Briefly, we say that our foliation admits singularities at points of Σ. For Randers spaces (with metrics F = α + β) we assume also that β admits singularities, i.e., is defined on M \ Σ.
For σ k (k ≥ 2) the singular case is also considered in [13, Theorem 2].
The Minkowski and Randers norms
Definition 1 (see [16] ). A Minkowski norm on a vector space V m+1 is a function F : V m+1 → [0, ∞) with the following properties (of regularity, positive 1-homogeneity and strong convexity):
F (λ y) = λF (y) for all λ > 0 and y ∈ V m+1 , M 3 : For any y ∈ V m+1 \ {0}, the following symmetric bilinear form is positive definite on V m+1 :
By (M 2 ) and (M 3 ), g λy = g y (λ > 0), and {y ∈ V m+1 : F (y) ≤ 1} is a strictly convex set. Note that
For Minkowski norms, the following symmetric trilinear form C is called the Cartan torsion:
The homogeneity of F implies
Moreover, we have C y (y, · , · ) = 0. The mean Cartan torsion is defined by I y (u) := Tr C y (· , · , u). Let (b i ) be a basis for V m+1 and (θ i ) the dual basis in (V m+1 ) * . The Busemann-Hausdorff volume form is defined by
where B m+1 := {y = y i b i ∈ V m+1 : y 2 = i (y i ) 2 < 1}, and vol B m+1 is the Euclidean volume of the subset
It has the 0-homogeneity property: τ (λ y) = τ (y) (λ > 0), and τ = 0 for Riemannian spaces. The angular form is defined by
. There are exactly two normal directions to W which are opposite when F is reversible, i.e., F (−y) = F (y) (y ∈ V m+1 ).
Definition 2 (see, for example, [16] ). Let a(· , ·) = · , · be a scalar product and α(y) = y α = y, y for y ∈ R m+1 the corresponding Euclidean norm on R m+1 . If β is a linear form on R m+1 with the property β α < 1, then the following nonnegative function F is called the Randers norm:
For Randers norm on R m+1 , the bilinear form g y is positive definite and obeys, see [16] again,
Let N ∈ R m+1 be a unit normal to a hyperplane W in R m+1 with respect to · , · , i.e.,
Let n be a vector F -normal to W , i.e., g n (n, v) = 0 (v ∈ W ), lying in the same half-space as N and such that n α = α(n) = 1. Set
Then g(n, n) = F 2 (n), see (3) , and F (n) = 1 + β(n). For y = n formula (5) yields
The 'musical isomorphisms' ♯ and ♭ will be used for rank one and symmetric rank 2 tensors on Riemannian manifolds. For example, if β is a 1-form on R m+1 and v ∈ R m+1 then β ♯ , u = β(u) and v ♭ (u) = v, u for any u ∈ R m+1 . The tangent component of a vector, say β ♯ , will be denoted by β ♯⊤ , its dual 1-form is β ⊤ .
Lemma 2. We have
where c :
Proof. Assuming u = n, from (7) and g(n, v) = 0 we find
Note that |β(n)| = | β ♯ , n | ≤ α(β ♯ ) α(n) < 1; hence, 1 + β(n) > 0. We find from (11) with v ∈ W that n + β ♯ =ĉ N for someĉ > 0. Using 1 = n, n =ĉ 2 − 2ĉ β(N ) + β 2 α , we get two valueŝ c = β(N ) ± c, from which β(N ) + c is positive, that proves (8) 1 . In view of β ♯ = β ♯⊤ + β(N )N this is equivalent to (8) 2 . Thus, (10) follows from g(n, n) = (1 + β(n)) 2 and
Note that F (n) = cĉ. Finally, (9) follows from (7).
Proof. By (9), g(u, v) = cĉ u − β(u)β ♯⊤ , v holds. By conditions, since u, U and β ♯⊤ belong to W , we obtain u − β(u)β ♯⊤ = (cĉ) −1 U . Applying β, we obtain β(u) = (cĉ) −1 c −2 β(U ) and then (12).
Finsler spaces
Let M m+1 be a connected smooth manifold and T M its tangent bundle. A Finsler structure F on M is a family of Minkowski norms in tangent spaces T p M which depend smoothly on a point p ∈ M . The covariant derivative of a vector field u(t) along a curve c(t) in M is given by
where
∂x l are homogeneous of 0-degree functions on T M 0 := T M \{0}, and g ij (y) = Let c y be a geodesic withċ y (0) = y ∈ T p M . The exponential map exp p : y → c y (1) (by homogeneity, exp p (ty) = c y (t) for t > 0) is smooth on T M 0 and C 1 at the origin with d(exp p ) | 0 = id TpM , see [15] 
if H(0, t) = c(t) and for each s ∈ (−ε, ε), the curve c s (t) := H(s, t) is a geodesic. The variation field Y (t) := ∂H ∂s (0, t) along c obeys the Jacobi equation:
for some y-dependent g y -self-adjoint (1,1)-tensor R y , called the Riemann curvature in a direction y ∈ T p M \ {0}. By (13), R y (y) = 0 and R λy = λ 2 R y (λ > 0). Let {e i } 1≤i≤m+1 be a g y -orthonormal basis for T p M such that e m+1 = y/F (y), and let P i = span{e i , y} for some y ∈ T p M . The Ricci curvature is a (positive homogeneous of degree 2) function on T M 0 :
g y (R y (e i ), e i ).
Codimension-one foliated Finsler spaces
Given a transversally oriented codimension-one foliation F of (M m+1 , F ), there exists a globally defined F -normal (to the leaves) smooth vector field n which defines a Riemannian metric g := g n with the Levi-Civita connection ∇. Then g(n, u) = 0 (u ∈ T F) and g(n, n) = F 2 (n), see (10) , and ν = n/F (n) is a F -unit normal. The shape operator A g : T F → T F of F with respect to the metric g is given by
Let L be the leaf through a point p ∈ M , and ρ the local distance function to L in a neighborhood of p. Denote by∇ the Levi-Civita connection of the (local again) Riemannian metricĝ :
In [14] , we applied the variational approach to express the Riemann curvature of g in terms of Riemann curvature and the Cartan torsion of F .
Theorem 1 (see Theorem 3.4 in [14] ). Let ν be an F -unit normal to a codimension-one foliation of a Finsler space (M m+1 , F ). The Riemann curvatures in the ν-direction of F and g, the shape operators and volume forms are related by
In case of a Riemannian foliation (i.e., when the vector field ν is geodesic:
Invariants σ λ (A 1 , . . . , A k ) of a set of real m × m matrices are discussed briefly in Section 3. They generalize elementary symmetric functions σ i (A) of a single symmetric matrix A (i.e., k = 1). Recall that σ 1 (A) = Tr A.
Theorem 2 (see Theorem 3.6 in [14] ). If F is a codimension-one foliation with a unit normal ν on a closed F -locally symmetric Finsler manifold (M m+1 , F ), then for any 0 ≤ k ≤ m one has
where (17) for initial values of k, k = 1, 2, read as follows:
Recall (see the Introduction) that (18) are known for foliated Riemannian spaces. Next corollary of Theorem 2 generalizes result for Riemann manifolds in [3] .
Corollary 1 (see Corollary 3.9 in [14] ). Let F be a transversally oriented codimension-one foliation on a closed Finsler manifold (M m+1 , F ) with a unit normal ν and condition
Remark 1. Theorem 2 and Corollary 1 are valid for a foliation with singularities of codimension ≥ k, due to Theorem 2 and Corollary 4 of [13] . Moreover, the compactness of M can be replaced by weaker conditions that M has finite F -volume, and 'bounded geometry' in the following sense:
2 Codimension-one foliated Randers spaces
This section generalizes results in [14] , where the case of β(N ) = 0 has been studied. As before, write ·, · -a Riemannian metric on M m+1 . Let F be a transversally oriented codimension-one foliation of a Randers space (M m+1 , F ):
Let N be a unit α-normal vector field to F, and n an F -normal vector field to F with the property n, n = 1. Let∇ be the Levi-Civita connection of ·, · , and ∇ the Levi-Civita connection of the
det a ij , see [5] , and det g ij (n) = (cĉ) m+2 2 det a ij , see (6) . Thus, the canonical volume forms of metrics g and ·, · satisfy
Recall that ν = (cĉ) −1 n. Let Z = ∇ ν ν andZ =∇ N N be the curvature vectors of ν-and N -curves for g and ·, · , respectively. In the case of β ♯⊤ = 0, let X ⊥β be the projection of X ∈ Γ(T F) on β ♯⊥ :
Notation (23) will be used in decompositions of matricesB = B + i B i , where B i are rank 1 matrices of the form U ⊥β ⊗ β ♯⊤ , (U ⊥β ) ♭ ⊗ β ♯⊤ and f · β ⊤ ⊗ β ♯⊤ for some U ∈ T F. The invariants of B and B are close in the sense, see Appendix.
The shape operators of g and ·, ·
The derivative∇u : T M → T M and its conjugate (∇u) t :
The deformation tensor, 2 Def u =∇u + (∇u) t , measures the degree to which the flow of a vector field u distorts the metric ·, · . The same notation Def u will be used for its ·, · -dual (1, 1)-tensor. Set Def
The shape operators of g and ·, · satisfy on F the following:
Proof. By well-known formula for the Levi-Civita connection of g and use of the equalities g(u, n) = 0 = g(v, n) and g( [u, v] , n) = 0 we have
Assume∇ ⊤ X u =∇ ⊤ X v = 0 for all X ∈ T p M at a given point p ∈ M . Using (7)- (9), we obtain
Substituting the above into (26), we find
Assume g(∇ u n, v) = D(u), v , where D : T F → T F is a linear operator. Using Lemma 3 and (14), we get from (27) the following:
In particular, using
From (28), (29) and (30) we obtain
Reducing terms with factors 1 − c 2 and n(cĉ)β(u), we obtain (24). For β ♯⊤ = 0 we apply (23) with X =Ā(β ♯⊤ ) and X = U , and find (25) using
Example 1. Let β(N ) = 0 (i.e.,ĉ = c < 1) on M . Then (25) reads as
. This coincides with [14, Proposition 3] . Moreover, (31) for∇β = 0 reads as
The Riemann curvature
In this section, we find a relationship between Riemann curvature of metrics g and ·, · on a Randers space. For β(N ) = 0, the results of this section have been obtained in [14] .
Proposition 2. We have
and
Proof. Extend X ∈ T p F at a point p ∈ M onto a neighborhood of p with the property (∇ Y X) ⊤ = 0 for any Y ∈ T p M . By the well known formula for the Levi-Civita connection, we obtain at p:
Note that
and N =ĉ ν + c −1 β ♯⊤ . Then, by Lemma 2 and the equalities
we obtain
Hence, g(Z, X) = Z −ĉ −1∇ĉ , X . Applying Lemma 3, we get (32). Using definition of I n and h n , (32) and a bit of help from Maple program we find
We have g(C ♯ n (u), v) = C (u), v , where C ♯ n is g-dual to C n (·, ·, ∇ n n), and
Then, we can apply Lemma 3 to get (33). 
Hence, C ♯ n = 0, see (33), reads
If β ♯⊤ = 0 then the right hand side of (34) vanishes and we get β(Z) = 0; hence, C ♯ n = 0, see also Remark 6. Assume now that β ♯⊤ = 0. Since the matrix in the left hand side of (34) is conformal, while the matrix in the right hand side of(34) has the form ω ⊗ β ♯⊤ − (cĉ)Z ⊥β ⊗ β ⊤ and rank ≤ 3, for m > 3 we obtain
By (35) 1 ,Z ⊥ β ♯⊤ ; thus, (35) 2 yieldsZ = 0 (that is, F is a Riemannian foliation for the metric ·, · ) andC = 0. The converse claim follows from (33) and the definition ofC.
Remark 2. For a codimension-one foliation of (M, a) we have [14] :
In [5] , R y is expressed (using coordinate presentations) throughR y for y ∈ T M . If∇β = 0 (i.e., F is a Berwald structure) then R y =R y . Alternative formulas with relationship between R ν andR ν follow from (37) and similar formula for g, where A g and Z are expressed usingĀ andZ given in Propositions 1 and 2.
Given a transversely oriented codimension-1 foliation F of an arbitrary closed Finsler manifold Theorem 3. Let∇β = 0 on (M, a) and the Randers metric F = α + β has Ric ν ≤ −r < 0. Then
Proof. One may show that
Hence, and by integral formula (18) 2 ,
By condition∇β ♯ = 0 we have
we obtain Ric ν = (cĉ) −2 Ric n = (cĉ) −2 Ric n = c −2 Ric N . From (39), where the volume form is
dV a , see (22), we find
which reduces to (38) since our assumption Ric ν ≤ −r < 0. Let Σ be a union of pairwise disjoint closed submanifolds Σ i ⊂ M of codimensions ≥ 2. Following [4] for Riemannian case, define the energy of a unit vector field X on M \ Σ by the formula
Let X = ν be a unit normal to a codimension-one foliation. Using the inequality D ν 2 F ≥ Theorem 4. Let (M, α + β) be a codimension-one foliated Randers space with∇β = 0. Then 
One can also drop the condition∇β = 0 (in Theorems 3 and 4) and use the formula Ric n = Ric n + Θ(n) for a certain (explicitly given in [5, p. 54 ]) function Θ on T M 0 .
Around the Reeb formula
Basing on (17) - (19), one may produce a sequence of similar formulae for Randers spaces. We will discuss first two of them (i.e., for σ 1 and σ 2 ). In [11] , G. Reeb proved that the total mean curvature of the leaves of a codimension-one foliation on a closed Riemannian manifold equals zero. The following formula, see [12, Lemma 2.5] , with any f ∈ C 2 (M ), reduces to the Reeb formula when f = const = 0:
Recall thatZ =∇ N N is the curvature of N -curves for ·, · , and Proof. We calculate
Tracing (24), we then obtain
From (45), (18) 1 for ·, · and g, and using dV g = (cĉ)
The above, the Divergence Theorem and equality
which is the Reeb formula when β = 0. Applying (41) we obtain (42). Note that for β = 0, we have c = 1 =ĉ; hence, (46) reduces to the Reeb's formula. If cĉ = const then (42) reduces to (43).
Remark 4. The following application of (43) seems to be interesting. LetZ = 0 and a unit vector field X ∈ Γ(T F) be an eigenvector ofĀ corresponding to an eigenvalue λ : M → R. By Theorem 5, the vector field β ♯ = ε ′ X + εN , where ε = const ∈ (−1, 1) and ε ′ = const ∈ (0, √ 1 − ε 2 ), obeys (43). Note that c 2 = 1 − ε 2 − (ε ′ ) 2 , β(N ) = ε and cĉ = 1 + ε. Thus, assuming ε = 0, we get M λ dV a = 0. Consequently, either λ ≡ 0 on M or λ(x) · λ(y) < 0 for some points x and y of M . This implies the classical Reeb formula M σ 1 (Ā) dV a = i M λ i dV a = 0 whenZ = 0.
Next theorem generalizes integral formula (1), using approach of foliated Randers spaces: that is given a Riemannian space (M, a) with a vector field β ♯ of small norm, we associate a Randers space (M, α + β). Recall that F = α + β is Berwald if and only if∇β ♯ = 0. In this case, the Finsler metric and the source metric ·, · have equal Riemann curvatures: R y =R y for y ∈ T M 0 , see Remark 2.
Theorem 6. Let a Riemannian manifold (M, a) admits a non-trivial parallel vector field β ♯ (say, β ♯ α < 1), which is nowhere orthogonal to a codimension-one foliation F.
Furthermore, if β(N ) = const, N being a unit normal to F, then (47) reads
Proof. Note that c < 1 when β ♯⊤ = 0 on a Randers space (M, α + β). 
Ā (β ♯⊤ ), β ♯ and
Recall the following identity for square matrices:
By the above we obtain
where σ 1 (A 3 ) = a 3 (1 − c 2 ) and
The condition∇β ♯ = 0 implies β ♯ α = const andR(X, Y )β ♯ = 0 (X, Y ∈ T M ). Using equality
we obtain Ric ν = (cĉ) −2 Ric N = c −2 Ric N . From (18) 2 for F , where the volume form is dV 
Hence, and by Lemma 6 for σ 2 (Ā + c C 
By conditions, the factor 1 − (2ĉ − c) 2 is nonzero. This yieldsĀ(β ♯⊤ ) = 0 on M . If F is a totally umbilical foliation then 0 = Ā (β ♯⊤ ), β ♯ =H β ♯⊤ 2 α , henceH = 0. Corollary 4. Let a Riemannian manifold (M, a) with a codimension-one foliation F admits a nonzero parallel vector field
If, in addition,Z = 0 thenĀ(β ♯ ) = 0 at any point of M .
Proof. By conditions, c = const < 1 on a Randers space (M, α + β). Since∇β ♯ = 0, we obtain β(Z) = 0 and Ā (β ♯ ), β ♯ = 0:
Comparing ( Recall that the Newton transformations T r (A) (0 ≤ r ≤ m) of an m × m matrix A (see [12] ) are defined either inductively by T 0 (A) = I m and T r (A) = σ r (A) I m − A T r−1 (A) (r ≥ 1). Note that T r (λ A) = λ r T r (A) for λ = 0 and Tr(T r (A)) = (m − r) σ r (A). Observe that if a rank-one matrix A := U ⊗ β (and similarly for A := ω ⊗ β ♯ ) has trace zero, i.e., β(U ) = 0, then we have
Define the quantity
In this section we assume that our Randers space is Berwald, and β ♯ is nowhere orthogonal to F (for β orthogonal to F see Remark 6):∇
If, in addition, ·, · has constant curvatureK thenK = 0 (because only flat space forms admit parallel vector fields). Indeed, sinceR(x, y)z =K( y, z x − x, z y ), on T F we havē
Theorem 7. Let (M m+1 , α + β) be a codimension-one foliated closed Randers-Berwald space with conditions (51) and constant sectional curvatureK = 0 of ·, · . Then
Proof. As was shown,K = 0, and R y =R y = 0 for y ∈ T M 0 . By assumptions, c < 1 and β α = const. By (16) and (25),
, where A i are three rank ≤ 1 matrices,
By Lemma 6 (with C =Ā + δ I m and D = c C ♯ ν ) of Appendix, we have
Recall that dV Lemma 6 , and (53), we find (52).
If β(N ) = const andZ = 0 then c andĉ are constant; hence, δ = 0 and Ā (β ♯⊤ ), β ♯⊤ = 0 and a 3 = 0. Thus, second claim follows from Corollary 2(i) and (52). Evidently, the quantities σ λ are invariants of conjugation by GL(m)-matrices: σ λ (A 1 , . . . A k ) = σ λ (QA 1 Q −1 , . . . QA k Q −1 ) for all A i 's, λ's and nonsingular m × m matrices Q. Certainly, σ i (A) (for a single matrix A) coincides with the i-th elementary symmetric polynomial of the eigenvalues {k j } of A. All the invariants σ λ can be expressed in terms of the traces of the matrices involved and their products. In the next lemmas, we collect properties of these invariants.
Lemma 4 (see [13, 14] ). In particular (when D = 0 and s = 1), σ k (C + A) = σ k (C) + Tr(T k−1 (C)A).
